MATH 245 Linear Algebra 2, Solutions to Assignment 2

: Let pi(z) = 2—1, pa(z) = 1(2? —3z) and p3(z) = (2 —32%+2). Find the polynomial f € Span{pi,ps2,p3}
5

which minimizes the sum Z ( fla;) — b,-)2 for the 5 points (a;, b;) given below
i=1

i 1 2 3 45
@ -1 01 2 3
bi -2 1 2 0 1

Solution: We want to minimize the distance between (f(a1), f(az), -, f(a ))t and b = (b1, b, -+, bs)t. We
have

fla1) c1pi(a1) + capa(ar) + ez ps(ar)
f(az) c1p1(az) + ca2 pa(az) + c3 p3(az)
flaz) | = | cipi(as) + capa(az) +cs3ps(az) | = Ac
flas) c1p1(as) + ca2 pa(as) + c3p3las)
flas) c1p1(as) + ca2 pa(as) + c3 p3(as)
where
pi(a1) pa2(a1) pslar) 2 2 -1
pi(az2) pa(az) ps(az) -1 0 1
A= pi(as) p2(a3) psaz) | =] 0 -1 0
pl(a4) pz(a4) p3(a4) I —-1-1
pi(as) p2(as) ps(as) 2 0 1
and ¢ = (c1, c2,c3)t. To minimize the distance between Ac and b we must choose ¢ so that Ac = Projcom(b).

Writingu:Ac:ProjcolA(b) andv:b—Ac:Proj(ColA)L(b) we have u + v = b, that is Ac+ v = b, and
so A*Ac = A*h. We solve the equation A'Ac = A?b for c. We have
2 2 -1
(2 -1 0 1 2 0 1 10 -5 2
A'A=(2 0-1-10 0 -1 0]=(-5 6 -1
1 1 0 -1 1 1 -1 -1 2 —-1 4
2 0 1
2
2 -1 0 1 2 ﬂ 5
Ah=(2 0 -1-10 2 | = (-6
1 1 0 -1 1 0 4
1
10-5 2|5 0 7 0 |7 1 3 116
(A'A|A")=|-5 6 -1 |6 ~|1 3 11 |6 |~[0 1 0 -1
2 1 4[4 2 -1 4 |4 0 7 1818
10 11]9 10 11]9 10 0|3
~l0 1 0|-1|~|0 1 0F1|~f0 1 01
0 0 18|15 00 1|3 00 1]2

6
fl@)=—%@—-1)—1(@*—32)+ 5(a® - 32 +2) = S2% — Ta? + o+ 1.
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2: (a) Find the perimeter of the regular hexagon on S* with interior angles equal to 3.

Solution: Let u be the center of the hexagon, and let v and w be vertices of the hexagon, with w next to
v, counterclockwise. Note that the hexagon can be divided into 6 triangles meeting at u, each of which is
congruent to the triangle [u,v,w]. For this triangle, we have a = %, 8 = v = 51—7;, and a = dist(u,v). The
perimeter L of the hexagon is given by L = 6a. Using the Second Law of Cosines we have

cosa 4 cos Bcosy  cosF + cos? 57
cosa = . - = — .
sin G sin~y sin® 2%
57 V3 5m V3
257 _ l+cos 5 1-% 2.3 2 257 _ l—cosZE  14% 243
Note that cos® 35 = 5 = —% = =~ and sin” 3 = 5 = —5= =5, %0
1,223 -
2 1 4-/3
cosa = = =4-v3)(2—+V3)=11-6vV3
2+4/3 2+V3 ( V3)( V3) V3,

and so the perimeter is L = 6a = 6 cos™? (11 — 6\/3)

(b) Find the area of the regular hexagon on S? with sides of length 3

Solution: Again, we let u be the center of the hexagon, and let v and w be vertices of the hexagon, with w
next to v, counterclockwise. In the triangle [u,v,w] we have a = %, a = § and 8 = . Writing 6 = § = v,
the Second Law of Cosines gives

. cosE + cos?

Cost = —>———
6 sin? 6
§81n29 =1+ cos?0

V3(1 — cos?#) =1+ 2cos? 0

(2—V3)cos?0 =3 -1

cos’§ = 24 = (VB-1)(2—v3) =3V3 5.

Thus # = cos™* ( 33 — 5) and the area of the hexagon is

A:6(a+ﬁ+’y—7r)=6(%—|—29—ﬂ'):129—471':12((:05_1 3\/5—5)—47r.



1 1 0
3: (a) Let u = % —S LV = \}5 (1) and w = % } . Find the area of the triangle 7' on S? given by

T = {x € 8% |dist(z,u) < F, dist(z,v) < 5 and dist(z,w) < 5 }.

Solution: Notice that T is the polar triangle of [u, v, w], that is T' = [u’, v, w’]. In triangle [u, v, w] we have
a=cost(vew)=cosTt§ =2 b=cos(w+u)=cos ' (=3) =2 and ¢ = cos ! (u+v) =cosTH(0) =
and so in the polar triangle T' = [u/,v’,w'] we have &/ =7 —a = %’“, f=nm—-b=%andy =1—-c=7.

3
Thus the area of T is

A=d +8+y -n=%+Z+Z-n=1%.
2 1 1
(b) Let u = % 1 ],v= % 2 | and w = % —1 |. Find the circumcenter of triangle [u,v,w] on S?.
—1 1 2

Solution: Note that

dist(x, u) = dist(x, v) = dist(z, w)
cos 'zeu=cos lzev=costz.w
T U= V=0T W
rzeu=x vand xeu=Tw
ze(u—v)=0andz+(u—w)=0
re(l,-1,-2)=0and .+ (1,2,-3)" =0

1 — 2o —2x3=0and 1 + 222 — 323 =0.,

rreeey

We solve these two equations. We have

1 -1 -2 1-1-2 10-%

1 2 -3 0 3 -1 0 1 —3
so the solution is z = s (7,1,3)" for s € R. To get |z|? = 1, we need s%(7? + 12 + 32?) = 1 and so we must use
s = i\/%. We choose the positive square root and obtain



4: (a) Let R be the radius of the Earth, in meters (R = 6,370,000). We describe the position of a point on the

Earth in terms of its longitude 6 (with § = 0 at Greenwitch, England and ¢ = 7 somewhere in Bangladesh)
and its latitude ¢ (with ¢ = 0 at the equator and ¢ = 7 at the north pole). Find the distance (expressed as
a multiple of R) and the bearing (expressed as an angle north of east) from the point at (0, ¢) = (3, §) to
the point at (0, ¢) = (3, 7).

Solution: Consider the spherical triangle with vertices at u, v and w where u is given by (6, ¢) = (g, %)
v is given by (0, ¢) = (%, %), and w is the north pole, which is given by ¢ = Z. For this triangle we have
a=R-%,b=R- %, and v = §. The First Law of Cosines, modified for a bphere of radius R, gives
o8 — cos(¢/R) — cos(b/R) cos(a/R)
= sin(b/R) sin(a/R)

SO

cos(¢/R) = cosysin(b/R) sin(a/R) + cos(b/R) cos(a/R)

—005651n451n +COb40053 273§7‘5+§%:5—‘8@

Thus the required distance is ¢ = Rcos™! (%) The Law of Sines, modified for a sphere of radius R, gives

sin a siny

sin(a/R)  sin(c/R)

so we have

sino — sin(a/R) sin~y ~ singsing %% _ 2
sin(c¢/R) 1_<¥>2 g Nk

Thus the bearing is 8 east of north, where
0=%5—-a=73 —sin~! (%) =cos! (%) .

(b) Find the radius R of a sphere on which there is a regular (equilateral) triangle with sides of length 1 and

angles equal to —”.

Solution: We begin by finding cos 2. We note that the polynomial f(x) = 2® — 1 factors over C as
I _1= (.T - 1) (l‘ o 6127\'/5) (I - 67227r/5) (,I o 61471'/5) (I o 6772477/5)
and hence over R as
a:5 —1= (x _ 1) (x2 _ 2Re( i27r/5) 4 | i27r/5|2) ( 2 _ 2Re( i47r/5) 4 |ei47r/5|2)
= (z—1) (2% = 2cos(3) + 1) (22 — 2cos(4F) + 1) .

” and b = 2cos 4% =, we need

Writing a = 2 cos <&

5
—1
(2 —ar +1)(z? —br +1) = z 1 =at 42t a1,
T _

Equating the coefficient of 2% gives —a — b = 1 (1), and equating the coefficient of 22 gives 2 +ab =1 (2).
From equation (1) we have b = —(1 + a), and putting this into equation (2) gives a(1 + a) = 1, that is
a’>+a—1=0, and so we have a = 1i‘f Since a = 2005 T > (0 we must have a = 1;”/5 and hence

cos 2 = 7_11'\/5 .

The Second Law of Cosines, modified for a sphere of radius R, is

.  cosa+cosfcosy

cos & =
R sin G sin vy
Applying this to the triangle with a = 8 =~ = —“ and a =b=c=1, gives
2 21 22 —14+v5 | 6-2V5
cosl:COb T + cos? = :COb I+ cos” = _ =02+ ==
R 8122?” 1—(:05225T 1_m
_ =242vB43-VE _ 145 _ 1+V5  5—v5 _ 4vE _ 1
- 8-3+v5  5+v6  54v5 5-v5 20 B
1
Thus R = —
-1 (L
cos (\/5)



5: Let uy,ug, -, up_o € R™ and let A = (ul,u27~-~,un,2) € Myx(n-2)(R). For i < j, let AbJ denote the
(n — 2) x (n — 2) matrix obtained from A by removing the i*" and j*" rows. Note that {uy,---,u,_2} is
linearly independent if and only if A% is invertible for some ¢ < j. Find a formula for an n x n matrix B
with the property that if {uy, -, u,—o} is linearly dependent then B = 0 and if {uy, -, u,—2} is linearly
independent then for all i < j, if A%/ is invertible the the i*" and j*" columns of B form a basis for (ColA)*.

Solution: Let
(—D)FH AR if k<
By, = 0 Jif k=1
()R AR i k> 1

If {uy,ug,---,u;} is linearly dependent then each |Ak’l| = 0 and so B = 0. Suppose that {uy,---,u;} is
linearly independent. Note that ColA is (n — 2)-dimensional and (ColA)t is 2-dimensional. We claim that
each column of B lies in (Cold)* = Null(A?), or equivalently that ColB C Null(A*). Writing A’ for the
(n — 1) x (n — 2) matrix obtained from A by removing the I*" row and w;,' for the vector in R"~! obtained
from uy, by removing the I*" row, the (k,l) entry of the matrix A*B is given by

(—1)F | AL
) ) —|ai-t| .
[AtB}kl = (k™ row of A") « (I'" column of B) = uy, - 0 = ’(A , Uk )’ =0.
’ | AL
(_1)n-&Ll|An,l‘

Thus ColB C (ColA)L, as claimed. Next we note that for i < j with A% invertible so that ’Ai>j| # 0, we

have o
Bi,i Bi,j . 0 (—1)’L+J |A1’J|
Bji Bj;)  \(-1)*/*1AM] 0

which is clearly invertible, and so the i*® and j*" columns of B are linearly independent. Since these two
columns span a 2-dimensional subspace of ColB which is a subspace of the 2-dimensional space (ColA)*,
the two columns form a basis for (ColA)*.



