Theorem [Banach Contractive Mapping Theorem]

Let (X, d) be complete metrric space. Let 0 < k < 1. Let I' : X — X
be such that d(I'(z),I(y)) < kd(z,y) for every z,y € X. Then there exists
a unique xg € X such that I'(z) = xo.

Proof

Let 7 € X. Then let 5 = I'(x;), 235 = ['(z2), and proceed recursively by
defining

Tntl1 = F(l’n)
Note that
d(flig,.’EQ) = d(r(l’g), F(Il) S kd(:ﬂg,ail).

Similarly,
d(xy,23) = d(I(23),[(z3) < kd(z3, 12) < k*d(29,21).
In fact, we can proceed inductively to show that
A(Tpy1, Tn) =< K" Hd(zy, 79).
From this it follows that if m < n, we have

d(fEm, xn) d(xnm xm—l) + d(xm—la xm—Q) + - d($n+1a xn)
]{Im_2d<$2, .731) + ]{Zm_ld(l‘g, Il) + -+ l{?n—ld(]?Q, LL’l)
k,n—ld(x27$1)[km—n—1 + km—n—2 4+t k + 1]
knild(IQ,[El)
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Since k™ — 0, it follows that {z,} is Cauchy. As (X, d) is complete {z,}
converges to some zg € X.

Now, It is clear that I is continuous. As such we have that I'(x,,) — T'(x).
But I'(z,,) = x,41 — w0, so it follows that

F(l’o) = Xy.
Finally assume that y, also satisfies I'(yo) = yo. Then

d(x07 yO) = d(F(ZL’O), F(yO)) < kd(x(b yO)'

As 0 < k < 1, this implies that [d(z¢,yo) = 0 and hence that zy = yo.
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Theorem [BaireCategory Theorem]
Let (X, d) be complete metrric space. Let {U,} be a sequence of open

dense sets. Then () U, is dense in X.

Proof "
Let W be open and non-empty. Then there exists an x; € X and 0 <
r1 < 1 such that
B(xy,71) C Blzy,m] €W NU;.

Next we can find 2o € X and 0 < ry < % such that
B(QZ’Q,TQ) Q B[IEQ,T’Q] g B(xl,rl) N UQ.

We can then proceed recursively to find sequences {z,} C X and {r,} C
R with 0 < 7, < =, and

B(anrl; Tn+1) g B[xn+17 7ﬁnJrl] g B(Q?n, rn) N Un+1-

Since r, — 0 and Blx,11, 741] C Blz,, ], Cantor’s Intersection Theo-
rem implies that there exists an

Ty € ﬁ Blzp, .

n=1

But then xy € Blxy,r] € W and zg € Blx,,r,] C U, for each n € N. This
shows that

n=1



Note: If asked to prove the Weierstrass Approximation Theorem you can
give the proof as follows:

Theorem [Weierstrass Approximation Theorem. |
Let f € Cla,b]. Then there exists a sequence p,(x) of polynomials such
that p,(z) — f(z) uniformly on |a, b]

Proof

First we note that withoot loss of generality we can assume that [a, b] =
[0,1] and that f(0) =0 = f(1). As such we may extend f(z) to a uniformly
continuous function on R by defining f(z) =0 if z € (—o00,0] U [1, 00).

Now let @, () = ¢,(1 — 2?)™ where ¢, is chosen so that

1
/ Qn(z)dz = 1.
-1
Using the MeanValue Theoerem we can show that
(1—2*)" >1—na?

for all € [0,1]. As such

/_11(1 —2)dr =

1
(1 —2)"dx

S—

-

1 — naldx

AV
w [\
~ g

B

and hence we have
cn < V/n.

Now if 0 < § < 1, then for each z € [—1,4] U [4, 1] we have

cn(1 — 2™ < /n(1 — §%)™.



Let

From Leibnez’s rule we have that

2n+1 2n+1
d / fu 8 —x)du = 0.

dx2n+1 p n 3x2n+1

It follows that p, is a polynomial of degree 2n + 1 or less.
Let € > 0.Let M =|| f ||o. Choose 0 < § < 1 so that if | x —y |< J, then
| f(z) = f(y) |< 5. Now

/@n it =1= f(x /f )Qu(t)dt = 1.

Moreover, if x € [0, 1],
| pu(z) — f(z) | = | /_l[f($+t) — f(2)]@n(t)dt |

| [l +1) = f(2) [ Qu(t)dt

-1

delta ) 1

- / ot t) — f(2) | Quit)dt + / et ) — f(2) | Qult)dt + / S
—1 -5 é

< o2My/n(l— &%) + % oM y/n(1 — 62"

€

= AM+/n(1 - 6" + 3

IN

Hence if we choose n large enough so that 4M/n(1 — %)™ < §, then

| pn = f lle< €



In the proof of the next theorem you may assume 1) the WAT, 2) the
Stone-Weierstrass Theorem: Lattice version and that if A is a subsalgebra
of C(x), then so is A.

Theorem [Stone-Weierstrass Theorem: Subalgebra version]
Assume that (X, d) is a compact metric space. Let A be a subalgebra of
C(X) for which

1) 1in A,
2) A is point separating.

Then A = C(X).

Proof B B

Note that A is also a subalgebra satisfying 1) and 2). Let f € A. Since f
is bounded, there exists an M > 0 such that f(z) € [-M, M] for all z € X.

Now let € > 0. Then we can find a polynomial p(t) = ag + a1t + - - - + a,t"™ so
that

| p)— [ t]l<e
for all t € [-M, M]. It follows that for each x € X we have
| p(f(2))= [ f(2) [[< e

Assuch if po f = apl + a1 f +---a,f", then po f € A and
Ipof=1fllle<e
Since € was arbitrary andA is closed, this shows that | f |€ A. Since

_ftgtlf-g]
N 2
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we have that A satisfies the conditions of the SWT Lattice version, and hence

that A = C(X).



