Pure Math 450, Assignment 5: Solution Sketch

1. (a) We saw that A\*(t + E) = A*(E) for every E C R, and FE is measurable iff t + E is
measurable; hence \(E) = A(t + F) for measurable FE.

We can show for f: R — R and a € R that

(/) (@, 00)) =t + [f " (e, 00))]

so f € M(R) iff txf € M(R).

If \(E) < oo then txxp = xu4p (check thisl) so [ xivp = At + E) = A(E) =
Jg X£- Thus the same holds for any simple function. If f € M*(R) then we can
check that

At*fzsup{4w1¢€5£f(R)}

= sup {[Rt*go L € S}F(R)} , Le. S (R) = xS (R)

cen{focsim) - [

Now f € L(R) iff f*,f~ € M(R) with [, fT, [ f~ < oo. Thus if f € L(R) then

(txf)T =t fT, (txf)” = txf~ € M(R) with [ptxfT = [ f, [otxf~ = [ [~ <

oo. Thus t+f € L(R) with [ t«f = fR

Alternate. Use a corollary we gave to MCT to find a sequence of measurable

snnple functions (¢,)°%, for which lim, .. ¢, = f (pointwise) and ¢} < ¢ <
< f*, and similar for f~. For each n we write ¢, in standard form —

gof{ =3 anjXpt, — and we have

n
+ .
txp, = E Anj X+ E7 -

Thus, as above, we see that [, t* ¢ = [L @t It follows t = fT = t« (fT),
being p01ntW1se limit of (¢ ¢;)>2,, is measurable and by MCT [ ¢« f* =
iy, oo Jo tx @) = limy, o0 [ o = [5t* fT < 0o. Doing the same to f~ we see
that t«f is integrable with [t f = [, f

(b) First, use the definition of A* to show \*(—F) = \*(E) for each E € R. Then one
must verify that £ € L(R) iff —E € £L(R). Indeed, if A C R then

NAN(=E)) + X AN RN\ (=E))) =N (=[(-4) N E])) + M (=[(-4) N (R\ E)])
— N ((—A) N E) + M ((—A) N (R\ E)) = A (—A) = X*(A).

Thus for measurable E we have A\(—E) = A(E).



From this point, the demonstration above can be repeated nearly verbatim, with
f substituted for txf. Note that

) (@, 00)) = —f (e, 00))

(f

and Xgp = X-p&-

(b) Now if f € L(T) then fx[—nnx € L[—m, 7] with [; fX[-rm = J"_f. [We saw this
in class for f > 0, otherwise write f = f* — f~.] Clearly txf is measurable and
a.e. 2m-periodic. Write t = 27n + ¢ where t' € [—m,7) and we can verify, by
2m-peridicity and similar manipulations as above, that

/

7r Tt
/ txf = /t’*fx[mw] = / fX[fwft’,ﬂ'ft’] = / I
—r R R —m—t/

If ¥ > 0 we have

’

T (Y L R L
[ e[ e [
= /R (27) % (FXjnorr ) + / . / Xirttn / Ty / Zf

and a parallel proof holds if ¢ < 0.

Similarly
/ fv:/va[W,ﬂ :/fX[W,W]:/ f
—T R R —7

2. (a) f measurable and bounded, g integrable. Thus f txg integrable.

(b) By uniform continuity of f, given £ > 0 there is § > 0 so |t — tg| < ¢ implies
|t f —toxfll. <e/2m(||g|l; +1). Then verify that

™

|[fxg(t) = frg(to)] < / [f(t = 5) = f(to = 9)llg(s)lds < [[t=f — toxf|  lgll, < e

—T

Also if g1 = g a.e. we have for all ¢
Franlt) = Fraalt) = [ 6= 9)(on(s) = gu(s))ds =

(c) t — f(t — s)g(s) is continuous, and hence Riemann integrable. Let for each n,
P ={-7m =1ty <ty < < lymm = 7} be a partition of [—m,7|; and let
these be chosen so lim,, ., L(P,) = 0. Then by theory of the Riemann integral
(on a continuous function)

m(n)

JRCEEY (RIS SYCREREIRE )



for each s. Verify that each of the fuctions s — Z;i(f) F(tni—9)g(8)(tni—tn,i-1) is
majorised by 27 || || |g|, which is integrable by assumption. Hence by L.D.C.T.

we have
| ( / 1t —s)g dt)ds— ti 37 (b = 9)9(6) b — tas1)ds
-7 T i—1

:/_: f*g(t)dt:/_:< _: f(t—s)g(s)ds) dt

where the second last inequalty holds by the fact f*g is continuous and hence
Riemann integrable.

(d) Applying the result above to |f| and |g| we obtain

sl < 5= [ (0 [ 1= slatoas ) ae = [ ([ 1rte = 9latoyiar) as

:i7(i/ﬂm—w@mw@ﬂmwm.

2 J_ . \2m J_,

(e) For any t we have

™

Fra®)) < 5 [ 15— Ollallds < [ 156 =0 lglds = 11,

—T

where we use translation invariance (TI) and inversion invariance (II).

3. (a) We have, using ideas from q. 2,

Sn(h,to) = Dpxf(ty) = / D, (s)f(to — s)ds = D, (to+ s)f(—s)ds
= | Duls—t)f(s)is = o [ twDu(5)f()ds, since D, =D
g — = — 1n =
or s —to) f(s)ds on o n(s)f(s)ds, since D, n
- FtO*Dn (f)
where I'.p, : C(T) — Cis the usual functional with norm ||y .p, ||, = [[to* Dy, =

|Dy|l; = Ly, where the Lebesgue constants L,, "~ co. By a corollary to Banach-
Stienhaus, there is a set U C C(T), whose complement is meager, so for h € U

Jim [s,(f,t0)| = Jim [T, (F)] = o



(b) For each m let U, be a set of meager complement such that for h € U,,, sup,,cy |sn(h, tm)| =
oo. Write U,, = R\ F,, where F,, is meager. Then F' = |J,-_, F,, is meager

(why?) so ()-_, U, = R\ F has meager complement. It is clear that if h € U
then sup,,cy |Sn (b, tm)| = 00

We can find {t,,}5°

oo, dense in [—7, 7]; say an enumeration of Q N [—7, 7).

4. Let M > 0 and find 6 > 0 s0 0 < |s| < & implies 3(f(z —s) + f(z +s)) > M. Then
for each n

0u(f. 1) = Koxf(z /K fle — s)ds
== K()f(x—sds—i——(/_w /> f(a — )ds
1

-/ K()(f(yc+s)+f(x—s ds+—(/ /) fx —s)ds

Verify that
’ / K, (s)f(x — s)ds

7T2 <«
TR / il

™ n%oo
< Wt 195 If1l; — 0.

A(
Similarly [ Ky(s)f(z — s)ds — "Z% 0. We have, by choice of §, above, that
1 0
lim inf — K ($)(f(z+s)+ f(z—s))ds
n—oo 47
1 0
> liminf — [ K,(s)Mds

n—oo 2m J_;s
.M "
:hglogf%( K()ds—{/_ +
11m—(27r—/ K, / )
n—oo 27T

Putting it all together we find

[ Jeso)

liminfo,(f,2) > M

n—o0

Since M > 0 is arbitrary, we see that lim,_,, 0, (f,z) = oo. (Is this obvious?)



