PMath 451/651, Fall Term 2012

Homework Assignment 1 — Solutions

Problem 1 collects, in an abstract setting, the Boolean properties of half-open rectangles
(or half-open intervals) which took us to the concept of algebra of sets.

Problem 1. Let X be a non-empty set and suppose that F is a collection of subsets of
X which has the following properties:

(i) X e F.

(ii) If F,G € F then FNG € F.

(iii) For every. F' € F one can find Ci,...,Cp, € F (for some n € N) such that

' X\F=CU---UC,.
Consider the collection A of subsets of X which is defined as follows:

o

A={ACX|3n>1and F1,...,F, € F such that FU---UF, = A}.

Prove that A is an algebra of subsets of X.

Solution.

o Figst, note that X € F C A.

e If A € A then by deﬁﬁition of A, there are Fi,...,F, € F such that | J_, F; = A4, -
whence by property (iii) of F, for each ¢ € {1,...,n}, there are C;, ..., Cix, € F such
that X\ F={J%, C;. Then .

o

n J

X\A:X\UFizﬂ(X\Fi):ﬂUCi,j: U () Cie-

i=1 =1 i=1j=1 FETTR oy {1,nn o Fi=1

By property (i) of 7 (applied n — 1 times), each (., C;;, € F, whence by definition
of A, Ujerr_ 1,bmy { Vim1.Ciis € A. Thus, X\ A€ A, '

o Finally, if A, B € A, then since the union of two finite unions is still a finite union,
AUBe A

Thus, A is an algebra of subsets of X. . [

&



Problem 2. Let (X, d) be a metric space. Let D be the collection of all open subsets
of X, and let us put '

. {ACX dn>1and Dy,...,D,,C4,...,Cp € X such that D4,..., D, are open, }
' = C1,...,Cqp areclosed, and A= (D NC)U -+ U (D NCy) '

Prove that A is the algebra of subsets of X which is generated by D.

Solution. Let 7 = {DNC | D is open and C is closed}. Then since X is both open
and closed, letting D = C = X, we see that X € F. Also, if DN Cy,DaNCy € F,
then (D1 N C1) N (DyN Cq) = (D1 N Dy) N (Cy N Cy), and since open sets stay open urider
finite intersections and closed sets stay closed under arbitrary intersections, we have that
(Dlﬂcl)ﬂ(DgﬂOQ) € F. Now, if DN{C € F, then X\(DHC) = (X\D)U(X\C) But,
X\ D is closed and X \ C is open, so we see that X \ (DNC) = C’'UD’ where C' = X\ D
and D' = X \ C. We can then write this as X \ (DN C) = (C' N Dy) U (D) N Cy) where
C1 = Dy = X (since X is both open and closed). Thus, F satisfies all the conditions of
Question 1. Therefore, by definition of A, we have that A is an algebra of subsets of X.

Let-U be any algebra of subsets of X containing D. Then as before, I/ also contains all
closed sets. Being®closed under intersection, it also contains all subsets of the form DN C
where D is open and C' is closed. Finally, since an algebra is closed under finite unions, we
have for any collection of open sets D1, ..., D, and any collection of closed sets C1,...,Cpn
that (D1 N C) U ..U (DN Cy) € U. Then for every A € A, we have A € U, s0 A C U.
This shows that A is the smallest algebra of subsets of X containing D; therefore, it must
be the algebra of subsets of X generated by D, and we are done. I



Problem 3. In this problem we consider the metric space (X, d) where X = [0,1] and

d is the usual distance on [0, 1] (that is, d(s,¢) = |s — ¢| for 0 < s, < 1). 3
(a) Let D be the collection of all open subsets of X, and let A be the algebra of subsets ~
generated by D. Prove that [0,1]NQ & A. SN

(b) Let B be the Borel o-algebra of (X,d). Prove that [0,1]NQ € B.
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Problem 4. Let X be an infinite uncountable set, and let U := { {z} | z € X} (that
is, U is the collection of all the 1-element subsets of X). Let A be the o-algebra generated
by U. Prove that A can be described as follows:

A={BCX |Biscountable} U{C C X | X\ C is countable }.

Solution. Let us denote
B:={B C X | B is countable } U{C C X | X \ C is countable }.

We prove by double inclusion that B = A.

“C” Every countable subset B of X must belong to A, because B can be writen as a
countable union of l-element sets, and because A is closed under countable unions. The
complements of countable subsets of X must then also be in A, because A is closed under
taking complements. Thus we have that B C A, as required.

“2” Let us start by verifying that B is a o-algebra. For convenience we write B = B,UBs,
where

By :={B C X | B is countable } and By := {C C X | X \ C is countable }.

We check the three axioms for a o-algebra.

(AS1) X € By C B, because the complement of X is @), which is countable.

(AS2) If A € B then X \ A € B. Indeed, either A belongs to B in which case X \ A
belongs to By, or vice-versa, A belongs to By in which case X \ A belongs to B.

(0 — AS3) Let (A,)32; be a countable family of sets from B. If every A, is from By,
then UZ2; Ay, is in By as well (a countable union of countable sets is still countable). In the
opposite case there exists an index n, > 1 such that A,, € Bs, and we have

X\ (ug;lAn) C X\ Ay, = X\ (uf;;lAn) is countable
= U%ozlAn € BQ.
So in any case, we obtain that U2 ; A, € B. This completes the verification of the fact that
B is a o-algebra. ’

But now, it is clear that B contains U (as every l-element set is countable, and thus
belongs to By). So we have

{ B is a v-algebra

Bou }:>B:_>A,

with the last implication holding because A is the smallest o-algebra which contains U.



Problem 5. (a) Let X be a non-empty set, and let U/; and Uy be two collections of
subsets of X, such that U; C Us. Let A; be the o-algebra generated by U, and let Ay be
- ed by Us. Prove that A; C As.
e g))alfz‘? r?Xg,eciI;eias ad mZtriQC space. Let D, be the collection of all the open balls in X
(that is, Do = {B(a;7) | a € X, 7 > 0}), and let A be the o-algebra generated by D,. Prove
that A C B, where B is the Borel o-algebra of (X, d). ' . .
(c) Show by example that the inclusion’ from part (b) of this question can be strict.

Solution.

<
a) By definition of o-algebra generated by U1, we have that U4 Cly & Az. Hence A,
is a o-algebra contain 4. Also, we have A;is the smallest o-algebra that contains 14, we
must have 4; C Ay, O ’
b) As we proved in PMath 351, every open ball is a open set. We let Dpbe the collection

of all the open sets in X. That is, Dy ={D|DcC X, Dis open}. We thus have Dy C .
Thus, from result in a), we have A CB. O '

c) Consider metric space (R, d), where

o= {1 727

We have unit interval [0, 1] is an open set as Vz e [0,1], B(z,0.5) = {z} [0,1]. We
have that [0,1] € D;. '

1
We also note that, for any open ball centered at a € R, we have B(a,r) = R 7> :
{fa} 0<r<i1
We have Dy = {{a | a e R} U {R}}. From result in Problem 4, we have
A={BCX |Bis countable JU{C C X | X\ Cis countable }.

is o-algebra generated by D,. But then, we have [0, 1] is uncountable, nor is R\[0, 1].
We then have [0,1] ¢ A. Indeed, we have A cB. 0O



In Problem 6 we use the concept of sepamblé metric space. Recall from your previous

analysis courses that a metric space (X,d) is said to be separable when there exists a
countable subset S C X such that S is dense in X.

Problem 6. Let (X, d) be a separable metric space. Let D, be the collection of all the
open balls in X, and let A be the o-algebra generated by D,. Prove that A = B, where B

is the Borel o-algebra of (X, d).

-

Solution.

Let D be the collection of all open subsets of X. We will see that D C A. Let S be a
dense countable subset of X and let D € D. For each z € DN S, let

B = U{B(x;r) CD:r>0}

As D is open, we have that By # 0, By C D and By € D,. We claim that

D= |J Bs (¥

zeDNS
Let y € D. Then as D is open, there exists ¢ > 0 such that B(y;e) € D. Since S is dense, there
exists zg € S such that d(zg,y) < ¢/3. Note that zg € B(y;¢) and so 2o € DN S. Also, by the
Triangle Inequality, we know that B(zg,2¢/3) C B(y;e) € D and so By, 2 B(zo, 2¢/3) 2 y. As
this is true for all y € D, it follows that

pc |J B.cO
z€DNS
and (*) follows. However, as S is countable, sjo is DN S and so D is in the o-algebra generated
by D,, i.e. D € A. Since this is true for all D € D, we obtain that D C A. Therefore, since B
is the o-algebra generated by D, it follows that B C A. However, by 5)b we know that A C B
and so A = B. O



Problem 7 (restriction of an algebra/o-algebra).
Let X be a non-empty set, let .A be an algebra of subsets of X, and let B be the o-algebra
generated by A. Let Y be a non-empty set which belongs to A, and let us denote:

M={M|MecA MCY}, N={N|NeB, NCY}.

(a) Verify that M is an algebra of subsets of Y.
(b) Verify that N is a o-algebra of subsets of Y.
(c) Prove that the o-algebra generated by M is equal to V.

[Note: It is common that the collections of sets M and N defined as above are denoted by
Aly and Bly, respectively.]

Solution. (a) We verify that M satisfies the three axioms defining an algebra of sets.

(AS1) Have Y € Aand Y C Y, hence Y € M.

(AS2) Let M be a set in M. Then Y\ M € A (because Y, M € A and A is closed under
set-difference), and Y\ M C Y. It follows that Y \ M € M.

(AS3) Let M and M’ be two sets in M. Then M UM’ € A (because M, M’ € A and
A is closed under finite unions), and M UM’ C Y (because M, M' C V). It follows that
MUM e M.

(b) We verify that N satisfies the three axioms defining a o-algebra.

(AS) Y e Band Y C Y, hence Y € V.

(AS2) Let N be asetin N. Then Y \ N € B (because Y, N € B and B is closed under
set-difference), and Y\ N C Y. It follows that Y \ N € V.

(0-AS3) Let (N,)52., be a countable family of sets from A. Then U2 | N, € B (because
every Np belongs to B, and B is closed under countable unions), and US2 N, C Y (because
N, CY for all n > 1). It follows that UX N, € M.

(c) Let P denote the o-algebra of subsets of ¥ which is generated by M. We have to
prove that P = N,

We first observe that the inclusion P C N is immediate. Indeed, from, the given
definitions is clear that M C A. Since we saw in (b) that A/ is a o-algebra, it follows that
N must contain the o-algebra generated by M (which is P).

The remaining part of the solution will be devoted to the proof of the reverse inclusion,
P 2 N. We start on this by considering the collection B of subsets of X defined by

B:={BeB|BNY € P}

We will prove the following claims about B.

Claim 1. Bis a o-algebra.

Verification of Claim 1. We verify that B satisfies the three axioms defining a ¢-algebra.

(AS1) XNY =Y € P, hence X € B. _

(AS2) Let B be a set in B. We want to prove that X \ B belongs to B as well. This
amounts to proving that (X \ B)NY € P. And indeed, we have

(X\B)NY =Y\ B=Y\(YNnB),



and the latter set is in P (because ¥ N Be P, and P is closed under taking complements
inY).

(0-AS3) Let (Bp)S2; be a countable family of sets from B. We want to prove that
U3, By, belongs to B as well. This amounts to proving that (U, B,)NY € P. And
indeed, we have _ B

(U2 Br)NY = U2, (B NY),

and the latter set is in P (because En NY belongs to P for every n > 1, and P is closed
under countable unions).

Claim 2. B o A
Verification of Claim 2. If A € A, then from the definition of M it is clear that
ANY e M. But M C P; hence ANY € P, which means that 4 € B.

Claim 3. B = B. 5
Verification of Claim 3. B is a o-algebra which contains A, so it must contain the o-

algebra generated by A. This means that B 2 B, and the opposite inclusion is clear from
how B is defined.

Now back to proving the inclusion P 2 N. Claim 3 gives us that BNY € P, for every
B ¢ B. But then let N be an arbitrary set in N. We have N € Band NNY = N, hence
we infer that N = N NY € P (which completes the verification of the required inclusion).



